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The notion of a Lukasiewicz algebra was introduced in [I 11. In the following 
we shall attempt a characterization of the centered n-valued Lukasiewicz 
algebras [lo]. From this, it will be derived a characterization of injective 
Lukasiewicz algebras. For n = 3, the results of [12] are reobtained as a 
particular case. In this work we shall largely use functorial means [8]. We 
shall denote by U, n the composition laws of a lattice, by 0, 1 the first and 
the last element, respectively, and by C the canonical order of the lattice. 
1.1. LUKASEWICZ ALGEBRAS AND BOOLEAN ALGEBRAS 
DEFINITION 1.1. An n-vabedlukasiewicx algebra is a distributive lattice L 
with a first and a last element subject to the following axioms: 
(I) There is a map N : L ---f L, so that N(M(x)) = X, N(x u y) = 
N(X) n N(y) and N(x n y) = N(x) U N(y), for any X, y  EL. 
(II) There are (rz - 1) maps u’i : L -+ L which have the properties: 
a) ~~(0) = 0, ~~(1) = 1, for any i = l,..., n - 1. 
b) + u y) = U&Y) u q(y), U& n y) = q(x) n q(y), for any X, y  EL 
and i = l,..., n - 1. 
c) Us u N(u,(x)) = 1, q(x) n N(u,(x)) = 0, for any x EL and 
i = l,..., 71 - 1. 
4 uh 0 uk = ok , for h, k = l,..., IZ - 1. 
e) q(x) C u2(x) C *-- C u&x), for any .2: EL. 
f) I f  q(x) = ui(y) for any i = I,..., n - 1, then N = y. 
g) oi(N(x)) = N(uj(x)), for i + j = z. 
DEFINITION 1.2. Let L, , L, be two R-valued Lukasiewicz algebras. 
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A mappingf : L, -+ L, is called a morphism of n-valued Lukasiewicz algebras 
if it has the following properties: 
1) f(0) = 0, f(1) = 1, fo N = Nof 
2) f(x u y) = f(x) u f(y), f(x n y) = f(x u y), for any x, y  EL. 
3) f 0 ui = ui 0 f, for any i = l,..., 72 - 1. 
We shall denote by Luk, the category of n-valued Lukasiewicz algebras 
and of morphisms between these. A morphism f : L,-+ L, is a monomorphism 
(isomorphism) in Luk,n if and only if it is an injection (bijection). 
DEFINITION 1.3. Let L be an object of Luk, ‘ An element x EL will be 
called chryssippian if x u N(x) = 1 and ,T n N(x) = 0. 
LEMMA I. Let x be an chryssippian element of L. I f  there is an y  pi 
so that x U y  = 1 and x n y  = 0, then we have y  = N(r). 
Proof. From the following equations 
y=lny=(~uN(~))ny=(rny)u(N(~)ny) 
=OuN(x)ny)=N(x)ny 
y = 0 u y = (S n N(X)) u y = (X u y) n (N(X) u y) 
= 1 n (N(x) u y) = N(r) u y, 
we derive 
y  = N(X) n y = N(S) n (N(X) u y) = N(X). 
LEMMA 2. An element x EL is chryssippian if and olzb if ui(x) = x, 
for alzy i = l,..., 72 - 1. 
Proof. Let R EL be a chryssippian element and 1 < i < n - 1. Then 
we have x u N(x) = 1 and x n N(x) = 0. Thus we may write 
Ui(X) u a&v(x)) = 1 and U&X) n &V(x)) = 0. 
From Lemma 1 we derive that N(a,(x)) = oi(N(x)). As far as aj(N(x)) = 
N(cr&x) we get N(m$(x)) = N(u&x)) and thus a&) = G&X). From 
4(x) = ~r,..Jx) and U,(X) C u2(x) C *a. C u,-i(x) there results that U&Z) = 
u*(x) = --- = u&x). Thus, for anyj = l,..., R - 1, we have G?(X) = uj(ui(3e)) 
and consequently x = U&Z). 
If  L E Luk, , then the set C(L) of its chryssippian elements is a Boolean 
algebra. A morphism f  : Ll + L, from Luk, defines in an obvious manner, 
a morphism C(f) : C&) --f C(L,) of Boolean algebras. Thus, we get a 
covariant functor C: Luk, - 231, with Bl being the category of Boolean 
algebras. 
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THEOREM 1.4. The functor C has a right adjoakt D. C is faithful and D 
is full and faithful. 
Proof. Let B a Boolean algebra. We shall consider a sublattice D(B) of 
Bn-l, which is constructed with elements (.~r ,..., x,-r) of Bn-l, such that 
x1 c x2 c *mm C ~~-r . If we make use of the following notations 
N*(x, ,... , x,-l) = 0%-d,--> NW 
qi*(x, )... , xnml) = (xi ,..., xi) for any i = I,..., n - 1, 
then D(B) becomes an n-valued Lukasiewicz algebra. 
Let g : B, --t B, be a morphism of Boolean algebras. Then we shall 
consider the mapping D(f) : D(B,) + D(B,) which is defined through the 
following relation: 
Wh ,-.. , xn-1) = (f (X&,f (%2-l)). 
Obviously, D(f) is a morphism from Luk, . Thus we have a functor 
D : Bl -+ Luk, . For any n-valued Lukasiewicz algebra L, we shall consider 
a morphism 
CD= : L + D(C(L)) 
which is defined by the following equality: 
CDL(X) = (ul(x) )..., u,,(x)). 
According to axioms (II), c) and (II), e) this definition of QL is justified. 
Making use of (II), f) we derive that QI, is a monomorphism. It may be easily 
verified that {QL 1 L E Lu$} defines a functorial monomorphism 
@ : id Luk, -+ DC 
If B is a Boolean algebra, then an element (x1 ,..., x+J of DB is chryssippian 
if and only if x1 = x2 = **a = x,-r . Then results that 
CD(B) = ((x,..., x) 1 x E Bj 
and the mapping defined by ?P,(x ,..., x) = s is an isomorphism of Boolean 
algebras. Thus we have a natural equivalence: 
Y:CD+idBl. 
From this results YccL) 0 C(@,) = l,-~~) and D(Y,) 0 GDcB) = lDcB) . 
Consequently, D is a right adjoint of C. As far as @ is a monomorphism, 
C is faithful. D is full and faithful1 because Y is an isomorphism. 
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2. CENTERED LUKASIEWICZ ALGEBRAS 
DEFINITION 2.1. An n-valued Lukasiewicz algebra will be called centered 
if there are (n - 2) elements a, ,,.., a,-, EL, which have the property 
u&q) = p 
3 
;; ,‘, 2; 2 ,nt-j _ 1 
Now, we shall give a characterization theorem of centered Lukasiewicz 
algebras: 
THEOREM 2.2. For any n-valued Lukasiawicz algebra, the following 
assertions are equivalent: 
a) L is centered. 
b) For any (n - 1) chryssippian elements x1 ,..., xnB1 EL with x1 C x2 C -se 
c %-1 7 thereisanxEL,suchthatui(x)=xi,fori=l,...,n-1. 
c) GL : L + D(C(L)) is an isomorphism. 
d) For any n-valued Lukasiewicz algebra L’ and for any morphism of 
Boolean algebras f : C(L’) + C(L), there is a morphism g : L’ --t L i?r Luk, 
such that C(g) =,f. 
1 consider the following element of L: Proof. a) j b). We shal 
x=x,u 
Then we have: 
q(x) = Xl 
i 
n-1 
9g t"j n N(G-j) IT A&2+1) 
I 
CQ,(X) = xl u (N(xJ n x2) = (xl u N(x,)) n (x1 v x2) 
= x1 u x2 = x.2 
Us = xl u (N(x,) n x2) u -a- u (N(x,-,) n xk) 
== xg ) k = 3,..., n - 1. 
b) * a). We consider the elements xii of L, defined as follows: 
I07 for 
xij = (1, 
1 <i<n-j 
for n-j<i<n-1’ 
j=2,3 )..., n - 1 
As far as for a by j = 2 ,..., n - 1, xlj ,..., x,+~~ are chryssippian and 
x,j c X2f c a.- C xnelj , there will be elements a, ,...? ajel such that 
Thus, L is centered. 
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b) o c). This equivalence is directly obtained by applying Lemma 2 
and taking into account that QL is a monomorphism. 
c) + d). We shall take g = 0~~ 0 D(f) o DL, . Thus we have DL 0 g = 
D(f) o @L* , and consequently C(Q 0 C(g) = C(I)(f)) 0 C(@,*). 
Making use of adjointness properties of @ and Y we get 
C(g) = k(L) a cm = YC(L) o CPL) o C(g) 
ZI.Z YC(L) o W(f)) o CPL,) 
Y : CD + id Bl is a natural transformation, such that we get the following 
commutative diagram: 




CCL’) f + C(L) 
Making use of the adjointness properties of @ and Y we derive from this 
diagram the following relations. 
C(g) =f" YC(L') o w,,> =f" LW) =f 
d) z- c). We consider the morphism YclL) : C(D(C(L))) -+ C(L). Con- 
sequently, there will be a morphism GL’ : D(C(L)) + L, so that C(QL’) = 
YC(L) - 
C(ds,’ 0 Q) = C(@,‘) 0 C(c&) = Y&) 0 C(@,) 
C(tDL 0 CDL’) = C(dj,) 0 C(@,‘) = C(@,) 0 Y&) 
According to the adjoint properties of @ and Y we have YclL) 0 C(@J = 
l,-tL) , with YccL) being an isomorphism, and thus we get C(@,) 0 Yc-cL,) = 
l,-(D~~)~ , and consequently: 
C&h’ o @L) = lC(L) = cud 
c(@L o 6’) = k(D(C(L))) = c(lDCd- 
Since C is faithful we may infer that QL 0 QL’ = lL , and !DL o GL’ = 
lD(c(L)) . Thus, @, is an isomorphism. 
3. INJECTIVE OBJECTS AND INJECTIVE HULLS IN Luk, 
DEFINITION 3.1. Let us have L E Luli, . A Lukasiewicz subalgebra of L 
is a subset pf L, of L, such that OEL,, 1 ELM, XUJJEL~, X~IYEL~, 
N(x) EL, and ai EL, , for any x, y  ELM and i = l,..., n - 1. 
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DEFINITION 3.2. An n-valued Lukasiewicz algebra L wiIl be called 
injective, if for each Lukasiewicz subalgebra L, of a Lukasiewicz algebra L, , 
and for each morphism f : L, + L, there is a morphism g : L, -+ L such 
that we get the following commutative diagram: 
(i is the canonical monomorphism) 
DEFINITION 3.3. Let us have an L E Luk, . L will be called complete if 
it is complete as a lattice. 
DEFINITION 3.4. Let f : L + L’ be a monomorphism in Luk, . f will 
be called essential if any morphism g : L’ -+ L” in Luk, , with g 0 f a mono- 
morphism, is itself a monomorphism. 
DEFINITION 3.5. Let us have L, L’ E Luk, ‘ L’ will be tailed an extensiorz 
of L if there is a monomorphism f : L -+ L’ in Luk, . L’ is called essential if f 
is essential. I f  L’ is injective then we shall say that L’ is an injective extension 
OfL. 
Now, we shall give a characterization theorem of injective Lukasiewicz 
algebras. 
THEOREM 3.6. Let L be an n-valued Lukasiewicx algebra. The following 
assertions are equivalent: 
a) L is centered and complete. 
b) L is centered and C(L) is a complete Boolean algebra. 
cj L is injective. 
d) L is a retract of any of its extensions. 
e) L has no proper essential extension. 
Proof. a) * b) This implication is quite obvious. 
b) + c). We already know that a Boolean algebra is injective if and only 
if it is complete [6]. Let L’ be an n-valued Lukasiewicz algebra, L, one of its 
subalgebras, and f  : L, -+ L a morphism of Lukasiewicz algebras. Then 
L, n C(L’) is a Boolean subalgebra of C(L’) and f  induces a morphism of 
Boolean algebras f’ : L, n C(L’) -+ C(L). Since C)L) is a complete Boolean 
algebra and thus it is injective there exists a morphism of Boolean algebras 
g’ : C[L’) --f C(L) such that g’ 1 L, n C(L’) = f ‘. Since L is a Lukasiewicz 
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algebra and according to theorem 2.2, there is a morphism g : L’ ++ L in 
Luk, such that C(g) = g’. We getg 1 L, = fbecause we had ai EL, n C(E) 
and oi(g(x)) = g(ui(x)) = g’(oi(x)) = f’(oi(z)) = f(~~(x)) = ui( f(x)) for any 
x EL, . Thus we have f(x) = g(x). 
c) * d). Let i : L -+ L’ be a monomorphism in Luk, . Since L is injective 
there will be a morphismf : L’ --+ L such thatf 0 i = 1, . 
d) * e). I f f  : L -+ L’ is an essential monomorphism then there will be a 
monomorphism g : L’ -+ L such that g 0 f  = IL . Thus, we have L z L’. 
e) * a). Let us have an L E Luk, . We shall consider the MacNeille 
completion C(L) of the Boolean algebra C(L) (see [l]). Let us denote by 
6 : C(L) -+ C(L) the canonical monomorphism of Boolean algebras. We shall 
prove that D(0) 0 QL : L + D(C(L)) . is an essential extension of L. Let 
f : D(C(L)) -+ X be a morphism in Luk, such that f  0 D(O) 0 OL is a mono- 
morphism. 0 is an essential monomorphism in the category Bl of Boolean 
algebras (see [l]) and C(f) 0 0 is a monomorphism. Consequently, C(f) 




-+ D(C(L)) ____f D(C(L)) f x 
Thus, we have D(c(f)) = Qx 0 f. S ince D is full and faithful there results 
that D(C(f)) is a monomorphism in Luk, . Consequently, f is a monomor- 
phism. From this follows that D(C(L)) is an essential extension of L. As far as 
L has no proper essential extension, L is isomorphic to D(C(L)). Also 
L N D(C(L)). Now, according to theorem 2.2 we may state that L is centered. 
Since C(L) is complete and from the construction of the functor D, D(C(L)) 
is complete. Consequently, L is complete. 
COROLLARY 3.7. Any Lukasiewicz algebra L may be embedded in an 
injective Lukasiewicz algebra. 
Proof. The desired embedding is provided by the monomorphism 
L -+ D(C(L)), with C(L) the MacNeille completion of C(L). 
COROLLARY 3.8. Any jinite aud centered Lukasiewicx algebra is injective. 
CENTERED LUKASIEWICZ ALGEBRAS 493 
Proof. Let L, be the n-valued Lukasiewicz algebra 
( *L-L- 
n-2 
-1 ‘n-l’n-l’““n-l’ ) 
(see [lo]) and let L, be the Boolean algebra (0, 1). It may be easily noticed 
that L, = D(L,). From Theorem 2.2 we infer that the functors C and D 
establish an equivalence between the category of Boolean algebras, and the 
full subcategory of centered Lukasiewicz algebras of Luk, . Since the Boolean 
algebra C(L) is finite there is a positive integer m so that C(L) N Lzm. (see [ 161). 
Then we have the following isomorphisms: 
L N D(C(L)) N D(L,“) N (D(L,))1” EL,” 
It may be easily observed that L, is centered and complete and thus is 
injective. Since any product of injective objects is an injective object we have 
that L is injective. 
THEOREM 3.9. Let us have an L E Luk,a and let E be one of its extensions. 
The followiitg assertions are equivalent: 
1) E is isomorphic to @C(L)), with C(L) the MacNeille compZetion of 
C(L)* 
2) E is an injective essential extension of L. 
3) E is an injective extension of L not containing any propwly smaller 
injective extension of L. 
4) E is an essential extension of L not contained in any properly larger 
essential extension of L. 
Proof. 1) * 2). This implication results from the proof of e) Z= a) in 
theorem 3.6. 
2) 3 3) Let E’ be an injective extension of L such that there exists a 
monomorphism E’ -+ E. If  i : L + E and j : L -+ E’ are the canonical 
morphisms, E’ being injective, there will be a morphism g : E -+ E’ so that 
g o i = j. Since g 0 i is a monomorphism and E is essential we have that g 
is a monomorphism. Consequently, E and E’ are isomorphic. 
3) + 4). For the beginning me shall prove that E is an essential extension 
of L. Let f  : L -+ D(C(L)) be the canonical injective embedding, with ?% the 
MacNeille completion of CL. 
Also, let i : L -+ E be the monomorphism which defines .E as an extension 
ofL. Since E is injective there is a morphismg : D(C(L)) -+ E so thatg 0 i = f.  
Now, since D(C(L)) is an injective extension of L, we get that E is isomor- 
phic to D(C(L)). Thus, E is an essential extension of L. I f  E’ is another 
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essential extension of L and if there is a monomorphism E -+ E’, then it may 
be easily checked up that E’ is an essential extension of E. Since E is injective 
there results that E N E’. 
4) * 1). Let f  : E + D(C(E)) be the canonical embedding, with C(E) 
the MacNeille completion of C(E). Since D(C(E)) is an essential extension 
of E, and since E is an essential extension of L, from the transitivity of the 
essentiality relation we may infere that D(C(E)) is an essential extension of L. 
By an immediate inference we get that f is an isomorphism. 
DEFINITION 3.10. Let us have L E Luk, . An n-valued Lukasiewicz 
algebra which is subject to one of the condition 1)-4) will be called an injectiwe 
hull of L. 
COROLLARY 3.11. Any two injective hulls of L E Luk, are isomorphic. 
Proof. Let E, E’ be two injective hulls of L and let i : L -+ E, j : L --+ E 
be the canonical monomorphism. Since E, E’ are injective, there are two 
morphismsf:E-+E’,g:E+E’sothatfci=gandgoj=i.BecauseE 
and E’ are essential extensions of L we may infer that f  and g are monomor- 
phisms. Consequently E and E’ are isomorphic. 
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